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VATIONAL ADVISORY COMIITTEE FOR AEROWAUTICS.

TECRNICAL LEMORANDUL! HO. 3335.

PRESEURE DISTRIBUTION ON JCUKOWSKI WINGS.*
By Ctto Blumenthal.

In the winter semester of 1911-12, I described, in a lec-
ture on the hrdrodynamic bases of the problem of flight, the
potential flow about a Joukowskl wing.** In connection with
this lectpre, Karl Toepfer and Erich Treiftz computed the
precsure cistribution on several typical wings and plotted
their resvlts. I now nublish these diarrams accompanicd by a
qualitative CGiscussion of the mrescure distribution, which
sufficiently indicetes the various voscible prenomena. For a

-

quicker survey, I heve Givided the article into two parte,

O

the firot part dealing with the more mathemntical end hydrodv-
namic ocspects and the sccond part, which is comprechensible in
1teclf, toking up the real diccussion from the practical stond-

woint.

1
¥ Frow "Zeltschrift fur Flugtechnik und Untoerlufischiffahrt,”
ey 31, 1912,

-3

-
** 322 above mapazine, Vol. I (1910), p. 281.
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I
We obtain the entire mumber of all Joukowski wings of the
length 21 with the trailing cdge at the »oint x = - 1, by
laying, ine ¢ =& + im planc through the point ¢ = 1/3,
the cluster of all the circles which contain the point ¢ = 1/2
either inside or on their circumference, and plotting thesec

circles by means of the formula

-
<

z = ¢ +

o> r“

yTe
P
1~
~—r

on the 5 = x + i1 y vplane. The circles, which contain the
point” ¢ = 1/2 on their circumference, thus become doubly in-
tersected arcs and, in onarticular, the circle, which has the
distance (-1/2, + 1/2) for its diameter, becomes the recti-
linear distance of the length 21 . The circles which contain
the point ¢ = 1/2 inside, furnish the real Joukowski fig-
urcs. The point ¢ = -1/2 passes cvery time into the sharp
trailing edse. The individual Joukowski wings are character—
izced by the following quantities (Fig. 1). The center M of
the circle K is comnccted with the point H, ¢ = - 1/2, and
the point of interscction of this connecting line with the n
axls is Cecsignatcd by I'. The distance ' on the 7N axis
is equal to half the hcight of the arc produced oy describing
the circle about M!' as its center and is therefore designated
by f/2, as half the camber of the Joukowsiki wing, f ©being

its firet characteristic dimension. We have chosen as the
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sccond charactcristic dimension, the radii difference MY = 8.
This gives a measurcnernt for the thiciness of the Joukowski
winz.

We will now consider the determination of the velocity
and pressure distribution which vroduce an alr flow along tae
wing, in infinity, with the velocity V ot an angle of T-B

with the positive X axis, B bYeing the zngle of attack of the
wing.

The avsolutc velocity q of this flow is calculated taus:
1t k (£,7 is the absolutc velocity of the air flow, of ve-

locity V and angle of attack 8, around the circle X in

the ¢ m»lane, then

g (x,y) = Hen)

It is, aowcever,

and clonys the circle X

k ((,n) = — 2V (t sinR + n cosB) + ¢
A S |

where 2 T ¢ 1is the circulation. This constant is deotcrmincd
according to Kutta, by tbe condition that thc velocity at the
trailing cdze is finite and thcrefore, since dz/dt there dis-
appears, K wmust also uisappear at the point H. Thus we oOb-
tain
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, A
K (E ) — 1 2.0k + 1 sinB + M cosP
{ 2+ fi+ 5 1\ 2/
a
/e :,\ . l ’ .
q _ 52 SIS 5, sinB + n cosBi (2)
v 2, ez T3
.AZ___Z Ml S /(02_ ._L\
AN 4
o = £+ 1. J

Tnis rather involved cxpression is simplified by the in-

troduction of z new v.riable, the ingle w at the conter of
the circle K, measvred Irom the radius UH. In this anvle,
the coordinates #,mn and the quantitics connected with thenm
are cxnresscd as follows: For acbreviation, we designate the
e AN .
radius of tiae circle K with 1 = “"———— + 6 and introcuce
~
the angle A by
cos A = ._izr—— sin A = —-—%—— .
J U J £
The geometric significance of A and w 1is obvious from Fig. 1.
37 simnle calculations we now obtain
\
1 W N
E= - 2+ 271 sin< sin(=+ 4
2 Pt \ 2 ;
f (3)
N fo W
n=-2r1 sin ¥ cos (2 + 4D,
2 V3 s J
2 1® . ‘
O = —— .- 31 r 8in anlniti + A\ + 4 r2 gin® &
& 3 \ ¢ 3
/4)
12 w [ © L (Y \7. f\
= — + 4 1 sin 5 | § ein 55 C \; + A)
L 2 =
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Formula 2 for q 1is simplified by the introduction of the

angle w, to

Jg'_ :
|V | l
i r—B—
| 1 l
lcos(ﬁi—AkB‘l
. | \2 (5)
P - 4 ; ?g l®.
oo (e ey v e [o ot - Foos (54 4)
2
=2 F
X

From thic we next derive a few general results which hold
good for all the quantities £,06, B.

a) On the trailing edge % = - cos (A + B).
)I‘

b) On top of the wing, there is always a portion along
which the velocity g > V, hence where there is a negative
pressure. As proof of this, we will consider the center of
tae upper sidc, the point w = 38—‘— - A. At this point o > r,

as can casily be secn geometrically (Fiz. 1) or from formula 4.

Eowever, if we put @ = 521 ~ A in formula 5, it then bocomes
s (T _A_ Y
19'= o oo (G-%-F) 1
v L cos ‘T _ AN [ } ¥
/T A e /T _ A )
_Cos(z- % B) —*/5 . . >vos\3 5-F)
(T _ AN i ’ £ LI O
coE\F -5 J 4+(\6+2/ cos{ gz~ 5
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¢c) The velocity is zero at tae point @ =T - 34 — 38,
which is alweys locatcd on thc lower side. At this point the
strecamline cnters the wing. Further general conclusions (i.c.,
applying to all £, &, B) can hardly be drawn. Wo obtain
considerably more accurate expressions in the cepecially int-
eresting practical case where, in the vicinity of the leading
edge, a pronounced velocity maximum and consequently a strong
suction is produced. We will confine oursclves to this case
in all that follows. Hereby we can, in fermula &, first of
all disregard the slight fluctuation of the factor o2 for
small values of f and & and consider only the factor ¥,
which st be alone decisive for the great changes in velocity.
Tnls factor, however, enables a simple exvlanation.

For thls purpose, we introduce the angle V = % +A+ 8.
The entering point of the streamline then lies at V = /3,

where F Cisappears. In gencral, we have

%b-z (a® + sin®B) tan® ¥V - 2 (ab - sinP cosB) tanV +
+ (v° + cos2 B ),
r =..2_ { _i 3 (6)
a 5 (6 cos (A + 8) 5 81nBj),ﬁ
_ 2 . f \
b = : (6 gin - B) 5 cosB/ .

Consequently, F attains its maximum value at the angle Vo

which is given by the formula

tan Vg = ab - sinB cosf (7)
a® + sin2f
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and this value is

We now make the assurption, corresooncdinz to the already
announced vurpose of our investigation, that F  has a nish
moximum in relotion to the value of cos (4 + B) on the trail-

ing ecge. Ve require, e¢.g., that F,,y shall equal or excead

//B. This is mathenatically the most favoradble. Formula 77,

“a

with the ¢dd of a rough estimate, then gives

£ . .
——=— ginft 2 & cos (A + B) 1 + —"-._—_if:)
NEEEG

= §cos (A +8) (1L + sin &) .... (3)

Witn tais insertion, the nunmcrator ¢f +on Vg 1is swaller thnu

I E T
- ﬁ% cos (A + 3) fiz; éi—i— cosf - & sin (A +B) (1—sinA)}
L )

For small f, & and %, this value is clwarys negative and there-
fore the meoximum volue of F  is assumed to be at a point lo-
catced betwecen the entering voint and the trailing edge on the

vortion of the surface bceclonging to the upper cide.* -On the

* Geonerally the »oint 1s located on the upper side. It lies
betwoen the entering point and the leading edge, only when O
is very smell in compariscon with f. For & = 0, it lies on
tae lendinz olpge.
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other hond, it can be chown that the maximum is locatced aot
far from the eatering noint. Ia fact the zrecatly preponderat-
ing wmemoer in the numerator of tan V,, on account of formula
g, is cosB sinf . The casc is not quitc so simple with the
denominntor, which isg

a2 + sirfR =
- 4

32

:’l "

r—————

-~ 2
8 cos® (A +8) - & £ cos (A +B)sinB + —in—ii-sinQE ].

Nay

If we introcuce into the first member, on the right side of

formula 8, the abocve limit fcr &, the denominator is then
v+

ewaller then 2 —+———=— gin®f . HKeace tan Y, is either smaller

.2
L
or 2t ®ost only uncssentially* creater than - % cotf, which

shows thet ¥ is either smaller or at most only clightly crent-
er tron % + 2 B8. The voint w, at which F assumes its max-
imunm value, is located betwecn the ecntcring point of the stream-

line and the upper sice and, at most, oanly slightly fartaer

than 4B from the cntering point.

Lastly, it may be rcmarked that in formula € for f%, poth
F
the powers, tan?v and tan V¥, avpear o be rultiplied by

small coefficients. Both thesc members thercfore assume guite
larze values for large values of tan Vv, 1i.e., in the immedi-
ate vicinity of the entering »oint and the le~ding edge. Hence
F differs but 1little over the wholc surface, with the excep-

tion of the specified region, from the value cos (A + B} on

the trailing edge and therefore only slightly from unity.

* "Unccsentially” means that the deviations arce of the order of
maznitude £/, &/t .
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II

The results of the computations in I arc as follows: A
Jouxowskl wing is characterized by the thrce dinmcnsions, nome-
ly, the length 21, the camber f and the radii difference
8, which is expressed in the thickness of the ving. To these
is adled the angle of ~ttack B. The »oints on the surface
are rcst conveniently computed with the aid of a2 variable w of
the ~ngle at the center of thc circle in Fig. 1. The forrulas
for the coordinates will not be given here. In practice, o
gravihic ~rocess is employed wiich is explained in the accompa-
nying note by E. Trefftz (vages 130-131 of this same volumne
of "Zeitschrift flir Flugtechnik und Motorluftschiffahrt.")
We require only the following data: w = O gives the trailing
edge; w =1 - 24 (tan A = %) gives the leading edge and the
intermediate values of w correspond to the lower surface of
the winge w = T - 3A - 28 gives the entering point, i.e.,
the point where the air flow strikes the surface and hence
where the velocity is zero.

The ratio of the absolute velocity g of the air flow

on the wing to the velocity V in infinity is given by

r=2>2 Lt 2 2 +086 is the radius of the circle in Fig. 1 and
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o the cistance OB 1in the same figure. Both factors, o and

F, depend on w. For small f and 5, the value of the Tactor
0-2

differs but littie from unity. The vroperties of the fac-
T

to

D e~

F, as obtained by the calculations of I, can be summarized
as follows.

On the trailing edge, F Thas the value cos (A + B) and
decreases at the customary angles of attack (about 60), fron
the lcading edze to the entering point, where it becomes zero.
For small f and &, +the dccrease takes nlace very slowly
throughout'most of the lower side and first becomes rapid in
the irmediate vicinity of thc entering point.

From the entering vnoint, F increases rapidly and attains
near the leading edge, a maximum of the order of magnitude
B1/28. This is approximately also the maxirum value of the
velocity ratio g ¢ V. For this maximum value, the ratio of
the angle of attack to the thickness of the wing is thercfore
decisive, the camber having, in the first order, no effect on
it. In constructive wing shapes, where £ and B arc of the
same order of magnitude, the vclocity at the leading edge is
accordingly not very great. This result is important because
it explains the effect of rounding the leading edge. The re-
sult 1s still more striking when we consider the radius of
curvature p of the leading edge. It is, namely, with unes-
sential omissions % = 16 %; (1 - 4 %). The radius of curvature
therefore diminishes rapidly with decreasing 6, the rounding
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off of the lcading edze being very slight, and the maximum ve-

locity remeins within rodcrate bounds. The negative pressure

on the lecading cdgze, wnich, accordimg to Bernouillli's cauation,

is proportional to q2/V®, 1is computed by the introduction of

the radius of curveture in the first approximagtion, to

452 éw I consider this simple formula worthy of attention.
Tne course of F elong the top of the wing can finally

be characterized as follows: At some distance from the lcading

cdge, F changes but slowly. If, thcrefore, the maximum valuc

of F 1is much greater than unity, it falls abruptly at first

and then gradually avpproaches the value at the trailing edge.
Only in the vicinity of the leading cdge does the factor

F  give us cufficiently accuratc information concerning the

course of the velocity q. Everywhere clse we need to know

the course of 0. This can be casily found geometrically from

Fig. 1. On the leading cdge o has thc value of 1/3. From

the triangle HMO, it follows that ¢ acsumes its minimum value

for the angle w which is given by

nin’
. L
Fin Wpsn 3
. 2 2 e Rt
sin A v & cod A+ 1 sin A
Hence
. _ 1.
SIN Wyspn = > =
/ 48 4z
. iy 14
For the angle 2 Wpin, W& again have 0 = %- and then o
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increascs further, up to the angle wy,yx = Wyip + ™. The value

of w,s, Iincreases with /5. Tor g-= 0, wyiy = 0, nonce

the valuec of o ig smallest on the trailing edge and greatest
s X &

on the lending edge. Conversely, for 77 0, Wpmin = (W/2) - A

and is thereforc situated in the micddle of the lower surfaoce.
In gencral, with increasing £/6, <+he minimum value of o

moves from the tralling edge to the middle of the lower sur-

®

face; the point where o = again from the trailing cdze to

Do e~

the lcading edge, while the maximum value of O moves simul-
taneously from the leading edge to the middle of the upper
surface.

In order to get an idea of thc course o the velocilty, we
must now cstimate the mutual effect of the factors F and 0°.
I will proceed with this cdiscussion in close connection with
the diagrams, which I must first explain. Their arrangenent
is the same as for the dicgramns in Eiffel's "Resistance dGe
1'air.¥ BEach figure hac, at the bottom, an accurate outline
of the wing section. Vertically above each point of the wing,
there is vlotted from a zero line on the vertical the ratio
q°/V®, the upper curve corresponding to the upper side and
the lower curve to the lower side of the wing section. The
dashed line shows the unilt distance from the zero line. The
area enclosed by the /V® curve gives, when multiplied oy

ll-ve, the 1ift of a unit width of the wing. .The chosen an-

Ine
O

sle of attack is 6°(B = C.1), the air flow beine horizontal.
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I am ¢ividing the discussion into scveral paragrophs.

1. The strong suction on the grecater portion of the uppcer
surface is common to all the fipures. This is indced the chief
source of the 1ift, while thc oressure on the lower surface
contritutes only a small increment. This can be easily veri-
fied from the =eneral laws. In fact, as alrecady stated, F
diminisnes very clowly along tiac under surface from the trail-

ing ¢

L

ice olmost to the catering roint. Hence F  differs-but

()

little, on most of the lower surface, from the valuc

cos (A + £), which 1t has on the trailing edge, and thcrefore

2

only a 1little from unity. Since also the facvor falls

r %

[<)
only slightly below 1, up to thc vicinity of the entering
point, ¢/V is certainly not wmuch swualler than onc and hence

there 15 only & slignt pressurc.

2. Fig. 3 (f{ =0 and %-: f%) indced shows a suction

effcet aleng a portion of the under eide. Since the valucs

of f arc herc lessg than unity, such a suction ecifect can

5]

only be very smell. Its

a5 ]

pocarance is duc to rclatively larsge

A

valucs of ¢° and depends c¢sscontially on the ratio f ! 8.
Between the trailing edne and W = fw,y. 1o suction can oteour,
because o is here smaller then 1/2.  Any suction cffect can
taerefore be cxpected for oaly small values of £ ¢ &, wherc
W.ip, 15 emall. For & = 0 any suction cffcct is entircly ii-
possible, since 2uw,;, then corresponds to the lcading cdge.
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3

1

e suction eifcct has clso Decn cxperimentally deteriinced by

v
e
©

t=1

iffel on the ving "en aile «'oiseau" wrich nrobably alone of

all the surfaces tested by aim can te cormared with a Joukoraoli

wing section.*

—

5. Even on the upper side, the course of the velocity is
characteristically affected oy the ratio f : 5. This is clear-
ly shown bv Figs. z-4. f/& is expressed on the upper surface

in the position oI tle annle w. +

qax T Yaip , for which ©

has its maxirmum value. The fact that 0 continues to increase
from the leading edge cs far as w., . causes the maXimum value
of g to wmove farther from the leading edge than the maxium
of F and the fall in velocity to te less rapid. We differ-
entiate "slightly cambercd” wings (f/5«<3), 1in which Wypgx 1N
near the leading edze, and "highly camberesd" wings (f/8§>3),

in which wp,¢ lies ncerer the middle of the uvper surfacc.
Fig. 3, with f = 0, 1is a typical example of a slightly coun-
bered winzg. Eerc the meximum value of ¢ is situated in tlie

leading cige and the valucs of F and ¢ thercfore decronsg

* Eiffcl, "Resistance de 1'air," 1911, Table XII; also »

and "Complerent," p. 193 {("ailz Micunort"). The Ziffel fis-
ures chow that the suction effect increascs on the under sice
with decreasing enple of attack. This is in axrcoment with
our theory, for the ractor F 1increases, asg shown by formula
6, at evpry proint on the under cide with Jdecreasing F. An-
other guction effect, which Eiffel finds on the trailing cdge
of nearly all wings, is doubtlese due to the formetion of
vorticces.

hy ®
—
O
[9]]
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simultancously, thus producing 2 very pronounced maximuri veloc-
ity, although the waxirun velocity is not important in itsclf.
On the other nand, Fis. 4 (f/1 = 1/5, §&/. = 1/20) shows, in
spite of a twice as larce moxirum velocity, a remarkably slow
velocity decrcase toward the upper side. In fact, in these
experincnts, the waximum of ¢ is situcted ot about 1/3 of the
upper cide and a wmorc rapid velocity decrease cccordiagly

first “egins behind this point. We note also the small inter-—

mediate maxirmum on the upper

&}

ide, which is causcd by the in-

crcose of o° in spite of the simmltaneous decrease in F. The

69}

mecan between Fig. 2 ond Fig. 4 is held by Fig. 3, with
f/l = 1/10 end 54 = 1/3C. Here wpyyx docs not lie very Zar
from the leading ecpe, about 1/6 of the upper side, the in-
creage in 0  vanishes under the decrease in F and along the
greater portion of the upper side we note a uniform faliling
off in velocity, aue to the simultancous decrease in the fac-
tors F and O

These relations were aleo found in Eiffel's experiments
with the wing "en aile d'olscau." Even the intermediate maxi-
mum of q on highly cembered wings is found on his figurss.*

Lastly, I wish to call attention to the fact that the
measurements of Fig. 4 appcar to me to be worthy of commenda-
tion, onwaccount of the very uniform siressing of the upper

side.

* On Tiffel's ficures, it appears that, with decrcasing £,
the mnximum velocity moves backward from thie lcading cdge on
the udper side. This also agrecs with the theorctical conclu-
slons.
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4, Fig. 5 has a very slight rounding (8/1 = 1/50) at
fi = 1/5: Therefore % % = 2.5 and hencc the very high ve-
Jocity maximum on the leading edge. Ve have already seen that
the high maxima must decrease very rapidly toward the uvper
side. The recion of this steep decline corresponds to an angle
of about the size P . During the drop, however, there is in
the figure a long space of almost constant velocity. This is
explained, as in paragraph 3, by the fact that the maximumnm
value of o is located at about 1/2.5 of the upper side. Only
vehind this point is there again a rapid decline to the trail-
ing edge. This behavior 1is ~enerally characteristic for high-
1y cambered wings of glight rounding and occurs also on Eif-
felts diagrans.

As regards the production of the diagrams, it may be noted,
in conclusion, that they were drawn according 1o the very con-
venient method of . Trefftz, es sct forth in the accompanying
note. Wherever it apvcarcd necessary, the plotting was veri-

fied by calculation.
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